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Fine-structure splitting of exciton states in quantum dot molecules: symmetry and
tunnel-coupling effects
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Department of Physics, Tsinghua University, Beijing 100084, People’s Republic of China
(Dated: November 18, 2018)
Exciton levels and fine-structure splitting in laterally-coupled quantum dot molecules are studied.
The electron and hole tunneling energies as well as the direct Coulomb interaction are essential
for the exciton levels. It is found that fine-structure splittings of the two-lowest exciton levels are
contributed from the intra- and interdot exchange interactions which are greatly influenced by the
symmetry and tunnel-coupling between the two dots. As the inter-dot separation is reduced, fine-
structure splitting of the exciton ground state is largely increased while those of the excited states
are decreased. Moreover, the dependence of the fine-structure splitting in quantum dot molecules
on the Coulomb correlation is clearly clarified.
PACS numbers: 71.35.-y, 78.67.-n, 71.70.Gm, 78.55.Cr
I. INTRODUCTION
During the last few years, there are intensive studies on
the optical properties of single semiconductor quantum
dots (QDs), since they exhibit atom-like energy spectrum
and sharp lines in photoluminescence as well as the ad-
vantage that they can be conveniently manipulated by
the external fields. Semiconductor QDs have been been
demonstrated as one of the candidates for the single-
photon or entangled two-photon sources, which make
them very attractive for applications in the fields of quan-
tum cryptography and quantum teleportation.1,2,3,4,5,6,7
In the first proposal for a QD-based source of polariza-
tion entangled photon pairs, a necessary condition is that
the intermediate monoexciton states for the biexciton ra-
diative decay are energetically degenerate.8 However, the
III-V self-assembled semiconductor QDs tend to be elon-
gated along the [1¯10] crystal axis and the monoexciton
states are split by the anisotropic electron-hole exchange
interaction.9,10,11,12,13,14 Consequently, much effort is de-
voted to the reduction of the fine-structure splitting of
the intermediate exciton states, e.g., thermal annealing
and external field tuning.15,16,17,18,19,20,21
Neglecting the electron-hole exchange interaction, the
exciton ground state is four-fold degenerate. For
InxGa1−xAs QDs with C2v or lower symmetry, however,
the electron-hole exchange interaction splits the exciton
ground state into bright and dark doublets, which are
separated by about few hundred µeV.22 Furthermore, the
bright doublets are split into two linearly polarized states
separated by about tens of µeV.23 At zero external field,
the fine-structure splitting of the bright doublet mainly
depends on the anisotropy and size of QDs.12,13,14 If a
magnetic field is applied in a Voigt configuration, the
bright states are mixed with the dark states through the
Zeeman term and the dark exciton states become opti-
cally active.22,23 Due to the Zeeman splitting induced by
the magnetic field, the fine-structure splitting of bright
doublet could be tuned to zero by the magnetic field.6,19
In addition, thermal annealing15,16 and an in-plane elec-
tric field20,21 could lead to a significant reduction of the
fine-structure splitting.
Recently, with the development of high-quality QD
structures, it is possible to fabricate either vertically- or
laterally-coupled self-assembled QDs, namely “quantum
dot molecule” (QDM).24,25,26,27,28 The exciton ground
states exhibit fine structures induced by the electron and
hole tunnel-coupling between the two dots.29 The exci-
ton states and interdot coupling could be manipulated by
the electric field in either vertically- or laterally-coupled
QDM.28,30,31,32,33,34,35 Significant Stark effect28,30 and
pronounced anticrossing of different excitonic transi-
tions31 have been observed in the photoluminescence
(PL) spectra. According to several numerical calcula-
tions,32,35,36 interdot coupling as well as the symmetry
between the two dots strongly influence the exciton lev-
els and optical properties.
Previously, we found that fine-structure splitting of the
exciton ground state in laterally-coupled QDM could be
tuned to zero by applying an in-plane electric field of
only few kV/cm, which might overcome the deficiency in
a single QD.37 Polarization entangled photon pairs might
be prepared in a QDM through the biexciton radiative
decay. Thus clarifying the mechanism of the variation
of fine-structure splitting in QDMs with various interdot
separations is very important. In this paper, we study
the symmetry and tunnel-coupling effects on the fine-
structure splitting of exciton states in QDMs. Exciton
levels of symmetric and nonsymmetric QDMs without
the electron-hole exchange interaction are given, and we
note that the exciton level spacing is much larger than
the electron-hole exchange energies. Fine-structure split-
tings of the two-lowest exciton levels are contributed from
the intra- and interdot exchange interactions. Symme-
try and tunnel-coupling in QDM strongly influence the
exciton envelope functions, and therefore it is interest-
ing that intra- and interdot exchange interactions might
be strongly dependent on the symmetry and tunnel-
coupling. Moreover, the variations of the fine-structure
splittings of exciton ground and excited states are com-
pared and discussed.
In Sec. II, a microscopic theory of exciton levels and
2fine-structure splitting in QDM is formulated. In Sec. III,
exciton levels in QDM without the exchange interaction
are given and discussed. Fine-structure splittings of few
low-lying bright exciton states are shown for both sym-
metric and nonsymmetric QDMs. The intra- and inter-
dot parts of the splittings of the two-lowest exciton levels
are given and compared. The effects of the symmetry
and tunnel-coupling as well as the Coulomb correlation
are clearly clarified. Finally, the results are summarized
in Sec. IV.
II. DESCRIPTION OF EXCITON LEVELS AND
FINE-STRUCTURE SPLITTING
The exciton fine-structure splitting in the semiconduc-
tor QDs is contributed from the electron-hole exchange
interaction. The study of the electron-hole exchange in-
teraction requires a clear representation of the spin states
of the exciton. In a bulk III-V direct-gap semiconduc-
tor, the valence-band edge has Γ8 symmetry (J = 3/2)
and the conduction-band edge has Γ6 symmetry. For the
flat InGaAs quantum dots investigated in this paper, the
light- (Jz = ±1/2) and heavy-hole (Jz = ±3/2) bands
are split by several tens of meV due to the strain intro-
duced by the lattice mismatch. Actually, according to
an empirical tight-binding calculation,38 the proportion
of heavy-hole component in the hole ground state of a
flat InGaAs QD is as large as 98.2%. Therefore, it is rea-
sonable that the light-hole and spin-orbit-split J = 1/2
valence band could be neglected since we mainly focus
on the fine-structure splittings of few low-lying exciton
states. The exciton state is composted of four combina-
tions of the valence band and the conduction band, i.e.,
|X〉 =
∑
m,s
∑
re,rh
ψms(re, rh)a
†
csre
avmrh |0〉, (1)
where the Wannier function representation of the cre-
ation and annihilation operators is used, m and s are the
z component of the angular momentum of the heavy-hole
valence band and the conduction band, respectively, and
ψms(re, rh) is the envelope function. The z component
of exciton spin for state (m, s) is s−m. From the selec-
tion rule, the spin ±1 exciton states might be optically
active depending on the orbital envelop functions while
the spin ±2 states are optically inactive, irrespective of
the orbital envelop functions. The eigenvalue equation
for ψms is given as∑
m′s′r′
e
r′
h
[H1 + Vex(csre, vm′r
′
h; cs′r
′
e, vmrh)]ψm′s′(r
′
e, r
′
h)
= Eψms(re, rh), (2)
with the spin-independent part
H1 = δrer′eδrhr′hδs′sδm′m[
p2e
2me
+ Ue(re)
+
p2h
2mh
+ Uh(rh)−
e2
ǫ|re − rh|
], (3)
where Ue (Uh) is the confinement potential for the con-
duction (valence) band electron. The electron-hole ex-
change interaction Vex can be approximated as
Vex(csre, vm′r
′
h; cs′r
′
e, vmrh)
≈ δrerhδr′er′h [δrer′eV (csre, vm′re; cs′re, vmre)
+(1− δrer′e)V (csre, vm′r
′
e; cs′r
′
e, vmre)], (4)
The first (second) term of Eq.(4) is the so-called short-
range (long-range) exchange interaction. The long-range
term can be further approximated through the multipole
expansion
V (csre, vm′r
′
e; cs′r
′
e, vmre)
≈ ~µcs,vm
[1− 3n ·t n]
|re − r′e|
3
~µv
m′
,c
s′
(5)
with
n =
re − r
′
e
|re − r′e|
~µcs,vm = e
∫
d3rφ∗csR(r)~rφvmR(r) (6)
where φcs(vm)R(r) is a Wannier function localized at the
site R. The matrix element of Vex is given as
13
Vanal(ms,m
′s′)
∫
d3rψ∗ms(r, r)ψm′s′(r, r)
+
∫
d3r divr(ψ
∗
ms(r, r)~µcs,vm)
×divr[
∫
d3r′ψm′s′(r
′, r′)
~µv
m′
,c
s′
|r − r′|
] (7)
The analytical part Vanal could be written in the matrix
form as
Vanal(ms,m
′s′)
= (ESX − 8π/3µ
2)


1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

 (8)
with (m, s) and (m′, s′) in the order, (32 ,
1
2 ), (
3
2 ,−
1
2 ),
(− 32 ,
1
2 ), and (−
3
2 ,−
1
2 ). The definition of the parame-
ters ESX and µ can be found in Ref. 13. The second term
of Eq. 7, i.e., the nonanalytic term, has a form given by


∗ 0 0 ∗
0 0 0 0
0 0 0 0
∗ 0 0 ∗

 (9)
where ∗ indicates nonzero matrix elements. In
anisotropic QDs, the nondiagonal elements of Eq. 9 are
nonzero, and thus the exciton spin ±1 states are split into
two linearly polarized states. The fine-structure splitting
of the doublet is determined by the nondiagonal elements
of Eq. 9.
3Similar to the assumption in Ref. 12, we use an in-
plane anisotropic potential to model a single QD, and
the two dots are aligned along the x axis
Ue(h) = νe(h)[θ(
b0
2
− |ye(h)|)θ(
a0
2
− |xe(h) +
d+ a0
2
|)
+ θ(
b1
2
− |ye(h)|)θ(
a1
2
− |xe(h) −
d+ a1
2
|)] (10)
where the two dots with lateral size ai and bi for the
ith dot are separated by distance d, and νe (νh) is the
conduction (heavy-hole valence) band offset. The exciton
envelope function in QDM can be expanded using the
Hermite polynomials as
ψ(re, rh) =
∑
i,j,m,n
CijmnAijmn
×ui(αxe)uj(αye)exp[−
1
2
α2(x2e + y
2
e)]
×um(αxh)un(αyh)exp[−
1
2
α2(x2h + y
2
h)] (11)
where ui(x) is the Hermite polynomial, Aijmn is the nor-
malization coefficient for the Hermite polynomials, Cijmn
is the expansion coefficient, and α is a variational param-
eter. Since we study the flat QDs in this paper, the two-
dimensional approximation is assumed in the calculation.
About 4800 lowest-energy envelope basis are taken into
account in the diagonalization of the spin-independent
matrix H1 to ensure the convergence of the calculation.
We note that the matrix elements of the Coulomb interac-
tion could be analytically obtained.39 The fine-structure
splitting then could be obtained through the perturba-
tion calculation of the exchange interaction Vex since the
exchange energy (tens of µeV) is much less than the ex-
citon level spacing (tens of meV).
III. NUMERICAL CALCULATION AND
DISCUSSION
In QDM, the exciton levels are strongly affected by
the tunneling of the electron and hole as well as the di-
rect Coulomb interaction. The tunneling energies of the
electron and hole in the strong coupling region are much
larger than the electron-hole exchange energies. The val-
ues of the material parameters used in the calculation are
νh = 81 meV, νe = 124 meV, me=0.034 m0, mh=0.053
m0, µ = 6 eA˚, ǫr=14.
A. Symmetric Quantum Dot Molecule
In Fig. 1, low-lying exciton levels without the electron-
hole exchange interaction for two coupled identical dots
with a0 = a1 = 16 nm and b0 = b1 = 20 nm are shown
as functions of the interdot separation d. At lager d (> 8
nm), the coupling between the two dots is very weak and
the exciton ground state energy is much close to that
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FIG. 1: (Color online) Low-lying exciton levels without the
exchange interaction as functions of the interdot separation
d for two coupled identical dots with a0 = a1 = 16 nm and
b0 = b1 = 20 nm. Inset: schematic illustration of a laterally-
coupled QDM.
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FIG. 2: (Color online) (a) Oscillator strengths of the four-
lowest exciton states of QDM in Fig. 1 and (b) tunneling
energies for the electron (circle) and hole (square), respec-
tively.
of a single isolated dot with a = 16 nm and b = 20
nm. As the separation d decreases, the interdot cou-
pling is enhanced and the energy levels are split. We
note that the four lowest exciton states are mainly com-
posed of the electron and hole ground state in individual
dots.36 Their oscillator strengths are shown as functions
of d in Fig. 2(a). As d decreases, oscillator strength of
the ground state decreases while that of the fourth state
increases. The second and third states are always op-
tically inactive, and the fourth state becomes optically
inactive as d > 7.0 nm. Fig. 2(b) shows the tunneling
energies of the electron and hole, which are calculated
by the numerical diagonalization of the single particle
4Hamiltonian. As d decreases from 9.0 nm to 1.0 nm, the
absolute values of the tunneling energies for the electron
(hole) increase from 0.79 meV (0.50 meV) to 8.17 meV
(5.25 meV).
Exciton levels of QDM without the exchange interac-
tion are each four-fold degenerate and the level spacing
is about several meV. If the exchange interaction is in-
cluded, each of exciton levels is split into fine-structures.
One doublet is composed of exciton spin ±2 states, and
the other is composed of exciton spin ±1 states. For
symmetric QDMs in the strong coupling region, the spin
±1 doublets of the exciton ground and fourth states as
shown in Fig. 1 are optically active and could be observed
in the PL and PL-Excitation spectra.
In Fig. 3, fine-structure splittings of the exciton ground
(δ1) and fourth (δ4) states in symmetric QDMs with
a1 = a0 = 16 nm and b1 = b0 = 20 nm are shown as
functions of d. At larger d, the fine-structure splitting
δ1 is negative, e.g., δ1 = −35 µeV at d = 9.0 nm. As
d decreases, δ1 increases from negative values to positive
values. At d ≈ 4.4 nm, δ1 is zero. However, δ4 decreases
from zero at larger d to −150µeV at d = 1.5 nm. Al-
though tunnel-coupling induced splitting is negligible at
d = 9.0 nm as shown in Fig. 1, fine-structure splitting of
the exciton ground state is much different from that of
the exciton ground state (−66 µeV) in a single isolated
dot with the same size.
According to Eq. (7), fine-structure splitting of the ex-
citon ground state can be approximated in the first-order
as
δ1 = 2
∑
re 6=r′e
ψ1,s−m=1(re, re)ψ1,−1(r
′
e, r
′
e)Vex
= λ1,intra + λ1,inter (12)
with
λ1,inter = 2
∑
re 6=r′e,xex
′
e
<0
ψ1,1(re, re)ψ1,−1(r
′
e, r
′
e)Vex, (13)
λ1,intra = 2
∑
re 6=r′e,xex
′
e
>0
ψ1,1(re, re)ψ1,−1(r
′
e, r
′
e)Vex.(14)
where ψi,s−m(re, rh) is the ith exciton eigenfunction of
H1 with exciton spin z component s −m, λ1,intra is in-
deed the long-range exchange interaction within individ-
ual dots, and λ1,inter is that between the two dots (namely
the Fo¨rster interaction40). Fig. 3(b) shows λ1,inter and
λ1,intra as functions of d. λ1,inter remains about 20 µeV
while λ1,intra is greatly changed from −54 µeV at d = 9.0
nm to 50 µeV at d = 1.0 nm.
As discussed in Sec. II, ψ(re, rh = re) is directly related
to the calculation of the exchange interaction, and there-
fore it is important for the study of the variation of fine-
structure splitting. In Figs. 4(a) and 4(b), ψ1(re, rh = re)
and ψ4(re, rh = re) are plotted, respectively. ψ1(re, re)
is composed of two symmetrically-coupled s state-like
functions at larger d. For two dots without the tunnel-
coupling,40 the Fo¨rster interaction (i.e. λ1,inter/2) is sim-
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FIG. 3: (a) Fine-structure splitting of the exciton ground
state with (square) and without (open square) the Coulomb
interaction, and of the fourth exciton state (triangle) of QDM
in Fig. 1; (b) λ1,intra and λ1,inter as functions of d.
ply enhanced as d is reduced. However, if the tunnel-
coupling can not be neglected as shown in Fig. 4(a),
amplitudes of two s state-like functions are reduced at
smaller d, which largely compensates the enhancement of
λ1,inter at smaller d in the case of neglecting the tunnel-
coupling. The consequence is that λ1,inter remains almost
constant in the range of few nanometer interdot separa-
tions, as shown in Fig. 3(b). Moreover, two s state-like
functions are strongly overlapped at smaller d and the
anisotropic shape of ψ1(re, rh = re) in individual dots
is largely changed. That is why λ1,intra is greatly varied
in the strong coupling region. ψ4(re, re) is more com-
plicated and there are two nodes along the x axis. It
almost disappears at larger d and is largely enhanced at
smaller d. The second and third states are always opti-
cally inactive. ψ2(re, rh = re), as shown in Fig. 4(c) for
an example, is completely antisymmetric.
The Coulomb correlation between the electron and
hole is important for InGaAs QDs with sizes that are
comparable to or much larger than the exciton Bohr
radius. The exciton envelop function will be greatly
changed by the Coulomb correlation and thus the exciton
fine-structure splitting could be largely influenced. Fine-
structure splitting of the exciton ground state in a single
QD (a0 = 16 nm,b0 = 20 nm) without the Coulomb cor-
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FIG. 4: (a) ψ1(re, rh = re), (b) ψ4(re, rh = re), and (c) ψ2(re, rh = re) of QDM in Fig. 1 for d = 2.0, 4.5, and 9.0 nm,
respectively.
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FIG. 5: ψ(re, rh = re) along the y = 0 axis for the exciton
ground state in QDM of Fig. 1 at d = 6.0 nm, with (square)
and without (dash line) the Coulomb interaction.
relation is −39 µeV, the deviation of which from that
including the Coulomb correlation is as large as 41%.
In QDMs, the Coulomb correlation is also very impor-
tant. Fine-structure splitting of the exciton ground state
without the Coulomb correlation in the same QDM is
compared with that taking into account the Coulomb
correlation in Fig. 3. It can be seen that the exciton fine-
structure splitting is much different between those with
and without the Coulomb correlation. For instance, at
d = 6.0 nm, δ1 ≈ 0 for the case of independent electron
and hole, while δ1 = −21µeV for the case of correlated
electron and hole. ψ1(re, rh = re) with and without the
Coulomb correlation is shown along the y = 0 axis in
Fig. 5 for d = 6.0 nm, respectively. ψ1(re, rh = re) in
the correlated case is obviously larger than that in the
independent one. That is why the exchange interaction
and δ1 are largely changed by the Coulomb correlation
in QDMs.
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FIG. 6: (Color online) (a) The four-lowest exciton levels with-
out the exchange interaction and (b) the corresponding oscil-
lator strengths as functions of d for two coupled nonidentical
dots with a0 = a1 = 16 nm, b0 = 19 nm, and b1 = 20 nm.
B. Nonsymmetric Quantum Dot Molecule
In experimental growth condition, there is size fluc-
tuation in self-assembled quantum dots and it may be
difficult to obtain two coupled identical dots. Thus it
is important to study the fine-structure splitting in non-
symmetric QDMs. In Fig. 6(a), the four lowest exciton
levels without the exchange interaction for two coupled
nonidentical dots with a0 = a1 = 16 nm, b0 = 19 nm,
and b1 = 20 nm are shown as functions of the interdot
separation d. As d > 8.0 nm, the energies of the exciton
ground and second states are much close to the exciton
ground state energies of the isolated first and zeroth QDs,
respectively. As the separation d decreases, the ground
state energy becomes lower. Their oscillator strengths
are shown as functions of d in Fig. 6(b). The oscilla-
tor strength of the ground state first increases and then
decreases while that of the fourth state increases mono-
tonically as d decreases. The third state remains almost
optically inactive, and the fourth state becomes optically
inactive as d > 6.0 nm. In contrast to the identical case
as shown in Fig. 2(a), the second level is optically active
at larger d and becomes optically inactive as d < 2.0 nm.
Fine-structure splittings of three low-lying bright exci-
ton levels are shown as functions of d for the two noniden-
tical dots in Fig. 7. Similar to the case of two identical
dots, δ1 at larger d is negative, e.g., δ1 = −56 µeV at
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FIG. 7: (a) Fine-structure splitting of the ground (square),
second (circle) and fourth (triangle) states of QDM in Fig. 6;
(b) λ1,intra, λ1,inter, λ2,intra, and λ2,inter as functions of d.
d = 9.0 nm. As d decreases, δ1 increases monotonically
from negative values to positive values. At d ≈ 3.8 nm,
δ1 is zero. δ4 decreases from zero at larger d to −150
µeV at d = 1.5 nm. The fine-structure splitting δ2 of ψ2
decreases from −48 µeV at d = 9.0 nm to −97 µeV at
d = 3.0 nm. Similar to the definition in Eq. 13, the inter-
and intradot part of δ2 can also been given. Fig. 7(b)
shows λ1(2),inter and λ1(2),intra as functions of d. λ1,intra
is greatly changed from −56 µeV at d = 9.0 nm to 54
µeV at d = 1.0 nm. In contrast to the identical case,
λ1,inter is zero at d = 9.0 nm and is increased as d is
reduced. For ψ2, λ2,inter (λ2,intra) is decreased from −3
µeV (−45 µeV) at d = 9.0 nm to −37 µeV (−60 µeV) at
d = 3.0 nm.
In nonidentical cases, ψ1(re, rh = re) is almost local-
ized in the larger dot at d = 9.0 nm as shown in Fig. 8(a)
and therefore λ1,inter becomes zero at lager d as shown in
Fig. 7(b). Similar to the identical case, ψ4(re, re) has two
nodes along the x axis and almost vanishes at larger d.
ψ2(re, re) is much localized in the smaller dot at d = 9.0
nm as shown in Fig. 8(c) and therefore λ2,inter, similar
to λ1,inter, also becomes zero at lager d. Since the sym-
metries of ψ1(re, re) and ψ2(re, re) are opposite, λ1,inter
and λ2,inter have opposite signs, i.e., λ1,inter > 0 and
λ2,inter < 0.
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FIG. 8: (a) ψ1(re, rh = re), (b) ψ4(re, rh = re), and (c) ψ2(re, rh = re) of QDM in Fig. 6 for d = 2.0, 4.5, and 9.0 nm,
respectively.
IV. SUMMARY
We formulate a microscopic theory of exciton fine-
structure splitting in laterally-coupled QDM taking into
account the Coulomb correlation between the electron
and hole. We choose the sizes of QDs resembling those
grown in experiments. In typical QDM, the electron
and hole tunneling energies and the direct Coulomb in-
teraction are essential for the exciton levels and en-
velop functions. As the inter-dot separation is reduced,
fine-structure splitting of the exciton ground state in
QDM is largely increased while those of the second and
fourth states are decreased. At a proper separation, fine-
structure splitting of the ground state approaches zero.
Fine-structure splittings of the exciton ground and first-
excited states could be divided into the intra- and in-
terdot exchange interactions, which are sensitive to the
tunnel-coupling and symmetry of QDMs. In symmet-
ric QDMs, the inter-dot part is almost unchanged in the
range of few nanometer interdot separation, while in non-
symmetric QDMs the inter-dot part is rapidly reduced to
zero at lager inter-dot separation. In both symmetric and
nonsymmetric cases, the intra-dot part is greatly varied
by the tunnel-coupling, and the fine-structure splitting of
the exciton ground state could be varied by about hun-
dred µeV. The fine-structure splitting of the fourth state
is greatly enhanced at smaller d while approaches zero
at larger d. In summary, the study provides an efficient
way of largely tuning the exciton fine-structure splitting
in semiconductor QDs, which is useful and necessary for
the fine-tuning by the external field.
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